
Lecture 2 (22/3/24)

Examples . ( I R , + , - , 0 , m i n , max)

◦ ( Q , + , -

, 0 , m n , max)

• ② , + , -

, 0 , n u n
,
max)

• X top. space C (X) : -4 f : ✗ → I R / f continuous}

the operations of I R get pulled back t o (CX)

f + g ( x ) : = fax) + gex) , f i g ( x ) : = fax)ager)
• I any set I R I : = / f : I → R/f- function} , 2 ' , . . .
• PLe : = 4 f : P E R / f i s piecewise l i n e a /
• Z e : = 4 f : IR" → I R / f i s piecewise l inea w i t h integer coefficients /

d i e 2 « i ≤ m
e s . a.it:1?:::::-a.

Notice that P h e c a n be endowed with a multiplication by a

scalare i n R , whi le 2 k cannot.

Notice a lso that linearity c a n b e replaced by homogeneity.



W e defined 1g/ = g'+ g- where g t : -guo g . = - g u o

Lemme 2 . 1 1g/ = g t vg '

Proof Using t h a t ✗ + y -(xvy)+ (Xxy) whe have tha t

Ig l : - g. + g- = (giugyging) = j u g

teme 2 . 2 Igth/ ≤ 1g/ + 1h1

Prof 19+41=(4+4) vo)+ ( g - 4)ro ) ≤ gi ro + h o + (guo)-(huo)

= guo + ( g ) + h o + t h e ) ÈITZEGVAGUIJ
= 191+141

I n general i f i n a l a t t i ce holds kxtytzxvz-yvzandxaz-y.az#*--
↑then the latt ice i s distributive :

Remake ✗ ✗ (guz) = (Xxy)✓ (XAZ) ⇔ ✗ ✓ (yaz)-(✗v y n (✗ vz)

Furthermore ✗ ✗ (guz) ≥ ( X y ) ✓ ( X z ) i s true i n any l a t t a .



Indeed: ✗ ✗ Lyvz) ≥ Xxy and Xacguz) ≥ ✗ n z

↑ #

y ≤ y u z Z e g r z e

teme 2 . 3 I n any l-groupxiz-yvzandxaz-yaz-DX-proofx-
CXVZI-Z-CXAZJ.LYVZ)- Z + (YAZ) = y

Lemme 2 . 4 F o r a n abelian group 4 the following o r e equivalent

( i ) G admits a l i n e a order (compatible wi th the operations)

( I i ) G admits a l a t t i ce order

G l i ) G i s torsion fa re .

Proof ( e ) ⇒ ( l i ) obviously .
W e have s e e n ( i ) ⇒ ( I c i ) .

T o prove c u i ) ⇒ ( i ) , notice tha t i f a i s torsion free then i t

c a n be embedded into a divisible grab 4"
.
The latter may b e

represented a s I I Q i . Use A C . t o w e l l - o r d e r A

4 " : - {(911nA I 9min41/91+03>0}

His immediate to verify 4°" i s closed under + and G ' h - G " -∅
☐



A n l-group homomorphism ( = e-homomorphism) i s a function

that i s both a group h omo a n d a latt ice homomorphism.

Def Le t H be a subgroup of a n e -group 4
.
We say t h a t

H i s s o l i d (or convex) i f hiket t , gel , kayak ⇒ gett

Def W e simply c a l l l i k e d any (normal) sol id subgroup of 6 which

i s a lso a sub le t te .

Remark: Solidity i s equivalent t o het t , gea lyla/kt ⇒ geG .

Theory L e t ∅ : G → H be auto e - h o m o . Then

( 1 ) K e r ( ∅ ) - {gea / 0cg)-o} i s a n e - i d e a

(2 ) I f N i s a n l - i d e a l t h e n GIN i s canonically endowed with

the structure o f a n e - group.

( 3 ) 4/Kalo) ≈ "



Prof G ) I s straightforward.

C ) W e know t h e GIN i s a group. Let u s define a lattice order

the con t ,

!

≥

N t h I i K a y ≥ h f a s o m e K E N

of g
vuole

thaygiraggi F i r s t w e check t h a t i t i s we l l defined.

Neg-Neg' ,
Nth-Neh' K tgah ⇒ King'ah' for s e e K i k ' EN

# ↓

g'-gen h ' - K EN g - g'-ma heh'-ma

i n m!
Ktgah ⇒ Ktg'-me? h'-ma ⇒ (K-m.im/+g'ah'

^

N

- Check antisimmetry; a s s um e Ntg ≥ N t h and Nthanty
¥

By def. ∃ m . m e N S . t . g t m a h a n d h t m a g
⇒ h u m a n ≥ gamah ⇒ m e n ≥ g - h t m ≥ O E N

"

-7h g - h i t m e n ⇒ g - h e n
t h e t a Ntg - N t h

Transitivity i s tedious but
e a s y.

Translation i n v a r i a n c e i s straightforward because Ntg ≤ N t h

implies ∃ m e n mg .ch . Hence for any K N t g t k ≤ N t h t k .



W e n o w check tha t D t g h l j a h

⚠

Cguh-ingiunch)

Clearly ,
s i m a guh ≥ g . h w e get Neguh ≥ (Neg)UCNth) .

Non suppon OLEG a n d N t o l ≥ N t g , N t h ⇒ ∃ m i n e

NS.t . mtda-⇒ emum) + d ≥ guh
È

⇒ N t d ≥ Ntguh
⇒

⚠

+ g)✓ (Nth) ≥ Negrh) .
Th i s shows t h a t GIN i s

a join-semilattice .
Hema GIN i s a l-group ☐


